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“I, INTRODUCTION

“This report concerns effort ex,ended on the Satellite Rendezvous
Study Contrset {NaS #5-1562) which is a continuation of the original
Analytical Study of Satellite Readezvous (Contract DA-Ok-L)5-ORD-1690)
described In Reference 1. The present study is beiag conducted at the
Space-uciences Laboratory of the Space and Information Systems Division
of North Ameriean Aviation, Inc. This report covers- the period 31 August
througa 30° ﬂnvember 1961,

Durlng tuis JEPLOd work 1as been done in two areas: (A) The
time to:transier and its dependence on tiie three paraneters of tne two=-
impulse tran§fer case nas been iancluded ia ine cowmputiag progrars, and
(B) The teehaique of representin; the lupulse surface by three dimension
quadratic surfaces has beea [urther tested. Ia conaection wita thils work,
schemes for orblt projections as' preseatations on an oscilloscope have
developed.,

In addition & paper "Co-ylanar Two-Impulse Orbital Transfers” T
was presented at the ARS Space Fligut Report to the Hation, ia October Ve
. 19¢1. Copies of tue osreprint (ARS preprint 2063-(1) are iacluded. A
— seco1d narer, entiiled "OptLLuh Co-planar Twoh-Inpulse Transfers between
B Elliptic Orbits" has been written aiwd accepted by tiie I.A.8. for pre-
seatatioa at tie anaual reetia. on Jdew York, January 2h-27, 1902. Copies
of tais .reoria. are ol yet avallalble. They will be attached to the
aext quarierl, report,

Tue aontation used is iie sawe as that of previous reports. Figure Al,
Transf{er Geouetry aund the notation list are essentially copies from pre-
vious I‘e,f.)OIT.S.

Reference 1. Kerfoot, H. P., D. F. Bender aud P. R. DesJardins,
"Analytical Study of Satellite Rendezvous,"” North
American Aviation, Inc., Space & Information Systems
Division, Report No. MD 59-272, 20 October 1960.
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II. TECHNICAL NOTZS
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Cistra. .t 1or Two-Lmpulse Traisier

The relative positions of tlie ferry on the initial orbit aad
‘ue target satellite on the final orbit must be iacluded in tae
rendezvous problen., Let T ve the tine interval Tetween ihe passage
of ferry and of tne tarpe. satellite across tie ascending node N
(see Fig. Al), and consider ihe requirement to effect rendezvous in
the eansulng revolition H»f tue tariet. The traverse times ty, t, and
tp are associated wi 'l the true azoraly iatervals 51, A9, and ¢2
respectivel;. [Ihe condition on t.uese tire Llatervals for rendezvous
is T+ tp = t; + t. It can be writte: as:

T =ty +t- t, (A1)
If one waits l'or the otner andal passages of the ferry or of

the *target, the time interval T will caange b, anounts that are
ovtained Irowm lategral wultiples U tue periods. Thus for a.y (lven

orbit nalir a:xd initial satellite conditions a series of values
ST T will oceur. I rances o T accepitable 1or transfer can be
establisied, tae. »roital traaster 10 0t be c¢ifected Ly "raiting until

T assuwes a satisiacior; value. I6 tals Is impractical a panase
chan. e naneuver oi oae oI turee orbivs ifavolved could be used, with
' course, the expeaditure of inpulse.

o}

R Because Eq. (Al) the time iaterval, T , for rendezvous can be

b considered a function of the three paraueters #,, ¢2 and ¢3 of the two-
' irmpulse probleun. The procedure for optimizing tie iupulse for a given
value of T consists in finding poincs in ¢ space where the surfaces

I = constant and T = constant are parallel. This type of optima will
be called constrained optima.

Suppose tnat for some value of T a transfer has been found and
it is desired to optinize the impulse. %We want to move in ¢ space over
the surface T = coastant in the direction of the component of -grad I.
Let 5 be the unit vector in the direction of grad T . The desired
direction is:

Pz - [eea1- (5 - gaa 5] (h2)

Thus it is necessary to obtain the derivatives of T with re=-
spect to the parameters @#;, @p, ¢3. Fortunately these derivatives

SID 61-459 -2-
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are easil, oltal.atle, as explained in the following series of equatious
a.ad coul.eails.

ot oty dt (A3)

ot = 9t - 0% (Al)

o

ot = ot (A5)

993 EP)

abl = Ty and 012 = Fo {conservation (AG, AT)

0= i adqa, ular
1 v P 2 AR IR

LOLIC L)

S U G ]

L= = Bp - By - e sin By - sl ) (AC)
W00 Ll a..d 22 are ..o otzoowrer woovalies of D asd A on Lhe

irauster orbit. '

(1-e

i =2
0¢i 2 a 6'31 ! 2 051
. (49)

aa. + E I'2 2) aE?
1

- 1 2 "L . (siu E, - sin E ) Qe
(L-e<) sin By 1
o 07 9%,
. i= l: 2: 3
To obtain 7#%3_ write
- 2

T = 92 - a(l-e )
; l+e, cos (¢2-¢02) l+e cos ¢3 . (A20)
}5‘, -
"o

" SID 61-45) e
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The results are:

1 Oda lve? 2] 1 Qe (A11)
a [33; 1-62 8 e 631

1 da = |1+e2 _ 1‘2] 1 de ., S 1 (A12)
—_— — -\— — 3 4 i)/\_ w,\ -
a 99 [1-9,2 ? e 35 P2 2/
1 da =|lie rpl 1 de _erp ) : (A13)
a I3 |i-e o | e 975 o ety
402 D04 Lt ahl,g ase
4.
200 A:, - 2 5 - AQ = O l - 2 : [SIOL: :J - Ag (\lLL
5 By s (J3 ) = e [ 38 L 'S ; )] All)
and
C s Ee - 208 J_f = € [:L ~ 208 ;2 200G Jj] . (Al(;)
The results are:
E . C :
0 1 _ . SsinEy de . Sin By 000 (A16)
ﬂ a¢l 1-e° 051 sin (¢3- A9) 0¢I
: aEl - - Sln El ae - Sl El a Ag (AlT)
i 29, e %2 s(3- e) 94,
EN sin §]  ge sin Ep (A18)
= - + N
633 l-e2 033 SL‘1(¢3 - A3)
JE sin
—2 .- 1% e : (A19)
ayjl l-e 1
SID €1-4:3 -5
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2 Sed =2 Pe
—_— = - : (A20)
‘ 602 L-e 975
032 _ _ sin Ep de sin Ep (721)
] : i ¢ '
aj3 l-e 633 sin Q3
Sinze
crs D9 = cos :51 coz Dy - eln J sl dp 2os Yoo [ 422)
aas s (31-22) + 205 21 s.0 0 {1l-c0s i) (23)
907, sii A3
d Aa 3111(,)2-;251_) +cos Jp 5 a4 ) (i-cos LL) ( 42h)
= {F
adé si. A9
Finall; to oo ——va-— se
99,
i_l_ . f1 (L + es cos (@,- wos) 1+ ecos ¢3 . (A25)
: rp 2 L +e cos (f- wy) T+ e cos (p3- A9)
E Tiile results are:
i
e _ _e [01 L2 sia (8- w)) +oery sia (.- A0)3A0 ]
656; ri-rp o a9,
(A26)
de e 2 rp p sin (f - Wp) in (6.~ 00) _2 Ao
= - ———— 2 2 + erl S1l:1
38, " r - [ P2 3 2%,

SID 01-4y
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373, r;f:—;e o sin Py - vy sin (85 - As) {520)

Usin,_ tiese equalions tie con,.atation of srad T has been
aaded vo that part of tie 70 0 procran wiere .rad I is conputed
foe any orbli nalr and ﬁl’ ¢2’ 93.

In order to find comsiraiaed optira toe ollowin: procedure
aJas been tried.  First the optincn wraasier vas selected, poriav A
in ¥lo.o A2, DNexv tihe poluts B aidl B' are coosen eacn lyi., 19 (ao
arti . rary c:oice) away from A Ales o rad T oat A, Thaen a sooies
wioalon . e dorectio, ooy
nquation A2 {rom B, Cle-.resperiively.  Results are sinoyw. i Tables
Al and A2 tor (wo ouruit pairs. fable A3 s..oows the av)roach Lo a
coistratced optinsun starci, L
near the optinun 1or tue case

I oouts L0, L avere 2hose L L

o

ooneat taat was arbitrarily selected
civen in Table A2.

L

s S

7y
i
33
i
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(D) cwdric Asproxiranions to e Impoloe raaciion

Geaeral. T.e rirst quar-erly oro.ress rezort (SID S1-304)
cer bed a nrocedure Jor anproiuatin surlazes of chustan: noilse
4 Sad e Mrinadien in A S0, OB A3y ot . e ‘

vitn a quadsic Muaztion in Dy, Jp, aad Jj. Tiils aporoxipal. o wev o

was develosed as part of a srojec wo o2 coatows Hf 2oustast Lrpilse
| s owae IBM (40 ratiode Ay oabes FLoo 31 sooows @ osel o0 Corrionrs
At LG ne L ntol.essG L1tz Lot o bradsier ce cvea:

"
Q
=
N
[
—
P
e}
1

")-(r_". w = —"JJ’ L = f'r’

o=t el = )20 W o= +33)

2 2 2

N T e U S P A R R 1ae

LU arcre L)l,r VLS 6 SO VAR~ 1 DTS A 654 SALG Ll L L lise,
. "o - » o P . PR
Ldoalla e creral "ilatiess ' of e Daaelion D tils oarti-
slar orotlen . Coaorags. waese 2o oyaws inta e zel 3w L
oo DL oot otie Jrst oguarterl, ceoort. [Lis lat er cer U coanours
Sooov Lok L oilse aortioay acsociancd b

. N ) 2 . N
‘)l. = 5005 i, LL = J.d, W, = -~ IY, ;1. =1
) J

2 = 0D [N = D.2, w ., = - ) .

2 2 : e

2o0od 2z3 I Moo, I a e 0oLy owilse sasfaces 15 10 be

ot . T
an [ FC R IV L2 QA sl 2 )1 V\@ ) = @ ~¢'® Lt
| inosetane orooltan., sone  wosure o) boeoondaess ol IV Leiweed

| tue true and e approsirac.y, {uiciion.  Tue wsual neasure enploycd
N is tae RMS error o er tie da.a used to ovtain wne fuaction. Investi-
I cation of this quaaviyy for a linited nuuber of transfer problems

L uas led to several interescia. duservatisas about i..e aporoximation
process.

Tne quadric fuaction dres 1ot always provide a (ood
ajsyroxiration to tue ivoulse sartaces. That is, for sone trausfer
_eonctries t.e AMS error (e.-essed as a jercentage of niuinum
irpulse) is vae or two orders I na .aitude _reater than {or other
problers. ‘netlher or uot wuis is cuaracteristic of a sub-class of
transfer provlers aas aot yet beca deteri lned, elthourh aa effort is
undervay to i.avestigate tais possibilivy.

A secoaid ciraracteristic as beea observed in conaneciion with
ihe approximation process. If i.e residuals between iie guadric
fuaction aad tae irpulse surfaces vere due oanly to numerical "noise",
aae would exoect a raadom disiributioa of differences over the 27
yoint cel »f values. 1In contrasti 1o this expectation, taere are strong
indications of a systemalic "rankia " ia tllie residual values. That

SID C1-459 _12-
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is, for certain polnts in the generating set, the quadrlc approximation
was systematically lower (or higher) than the true impulse function.

In one experiment, the origin of tie 27-polnt generating set, and the
size of the generating cube was varied in the neighborhood of a solution.
The residuals at each of the 27 points were ranked from lowest to highest
and compared from case to case, The ranking was substantially the same
for all cases investigated,

The Nature >f the Inpulse Function. Analysis of quadric approxi-
nations is leadling toward an improved knowledge of the irue impulse
funct.on,

The quadric surfaces exhibit certain properties which must also
be properties of coastant impulse surfaces witnhin ine limits of the
selected approximation. Since the quadric fuictions are more tractable .
nathenatically, iavestigation of thelr size, snape and orientation
appears to offer an attractive avenue lLoward iucreased knowledge of the
true impulse function. This in turn, sinould lead tc furtner insight into
tlie mechanisn associated with optinum two inpulse orbiial transfers.

The followiing paragraphs describe the results of a very limited
exploration of the approximating {unction. It suould bte emphasized that
any analysis is highly speculative at tihis time, and tuat findings may
be altered sig aificantly during the aext gquarter.

An initial orbit with py = 5000 and e} = 0.2 was placed at several

orientations relative to & terminal orbit defined by pp = 6000, ey = 0.2
-and wp = -)0°. An optimum transfer was determined for each case, and
the impulse surfaces in the neighborhood of each minimum were approximeted
by & set of quadric surfaces. Each set of quadric surfaces was reduced

to canonical form by an appropriate rotation and translation of coordinate
axes, Apperent effects of changes in the initial orbit's inclination and
argument of perigee are shown in Table Bl and Fig. B2.

Data in Taeble Bl describe an ellipsoidal approximation to the
impulse surface with a value 10 ft/sec greater than minimum. It is
interesting to note the lenticular nature of the approximating surfaces
and the increased "flatness" as inclination decreases toward zero. Table
B2 indicates the positions in @P-space at which the minima occur.

Fig. B2 shows how orientation of the approximating function is
affected by i; and wj. Of particular interest is the fact that changes
in inclination appear as & rotation of the "natural" axes about x;.

This phenomenon will be the subject of additional experiments.

A third property of the impulse surfaces may be inferred from the

SID 61-459 -1L-
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TABLE ES.  LOCATION OF OPTTMUN TRAILFIRS
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"ranking" phenomenon described in the previous section. From this
information, it is apparent that the impulse surfaces differ in a
systematic way from the approximating function. One possibility is
that the surface of constant impulse is essentially ellipsoidal but
that at least one of the principal axes is curved.

SID 61-459 -20-
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(C) Pictorial Representation of Transter Geometry

It is extrerely difficult to visualize the geometric relation-
ships involved iu an optirum orbital transfer without a sketch of
tiie situation. An lavestigation was made into the feasibility of
producing iscmetric or oblique drawings on a computer-controlled cathode
ray plotter (the IBM 740 or Stromberg-Carlson 4020). The results of
a test program are extremely encouraging with respect to both accuracy
and economy. Fig. Cl shows a frame which was generated by the test
problem. It required less than two seconds of 7090 time to produce.

The 4020 output consists of & 7.5 x 7.5 vellum print which is

suitable for blueline reproduction, and is usually available within
" 3 hours of the computer run. The basic tedhniques should also have

application to trajectory analysis, real-tine display and visualization
of two-variable functions. For some potential applications, machine
production of these drawings should be 10 to 100 times less expensive
than conventional drawing techniques. A program is now beling checked
out which will provide a sketch of transfer geometry as part of the
optimization program output.

SID 61-L56 -21-
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IITI. PLANS FOR THE NEXT QUARTER

Mechanization of the time constrained optimization process
vill be completed and applied to an analysis of impulse and phase
requirements for several rendezvous problems. This will lead to
the consideration of the phase chan;ing maneuver and its effect on
the impulse requirements.

An effort will be made to perform a thorough exploration of
representative non-coplanar transfer problers with & goal of locating,
analyzing and classifying minima. Relationships between coplanar end
non-coplanar caeses will be developed wherever practical.

Size, shape, and orieatation of the quadric approximation
will be investigated further in an attempt to lmprove our basic
knowledge of tne impulse function. An inprovement in the approxi-
nation as plotted can be nade by rnaking corrections to it based on
an interpolatioa over the deviations. ’

Finally methods for indicati:ny; and classifying misses in
rendezvous because of errors in the departure naneuver will be under-
taken. This will lead to formulation of juidance and impulse accuracy
requirements.

. SID 61-kog -23-
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N i

LIST OF SYMBOLS

a semi-major axis (feet or rmiles)
B binormal velocity couponent (ft/sec)
C circumferential velocity component (ft/sec)
e eccentricity
| f true anomaly
I total impulse function (ft/sec)
I, impulse at departure point (ft/sec)
I, impulse at érrival point (ft/sec)

(i,J,k) unit vectors in a circumferential, binormal, radial system

i inclination
h angular momentum per unit mass (f1%/sec)
g n rate of change of nean alomaly (average angular velocity
, . radians/sec)
§4 p semi-latus rectum (feet or miles)
' qQ matrix of coefficients for y(P)
R radial velocity component (ft/sec)
r radius to satellite (feet or miles)

t1,t,t,  time intervals oa initial, transfer, and final orbits respectively

T time of perigee crossing (seconds)

X the vector (8, @y, ¢3)

y(®) the quadric approximating function ¢
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LIST OF SYMBOLS (Contiivied)
Gl ail¢ le belween ransier orbit plane and inltial orblt plane
C22 an . le beiween transier it plane aud terrinal orbit Jslane
g 2 le tetweer (rad I aad crad T iu ¢-sgace
] a:; le frow asceadin, .ade to positioa in transier orblt
AY:] 6 - 8. (radians)
e 1
i Jravitatlion coistaut (L‘*.,3,/sec2) 1.40,7203 x 101°
P ratio of seri-latus recti, LJ2//_)L
¢l ang le {ron refercice axis to position L initial orbit
(’)2 a1i-le Irorn reiereace axiis to positionr Lo terniaal orbit
¢3 82 - w (f’&dta‘ls) = “2
o vecor (9., b, ¢, 1)
1 2 3
W ar;unent of peri_ec, a..le [im refereiace axis 1) perigee point
T time difference between andal crossings of satellite and ferry -
Q right ascension of ascendin, node ‘
‘Subscripts
11 on initial orbit at departure point' i
1 on traasfer orbit ai denarture point(or initlal orblt) . %
2 on transfer orbit at arrival poiat{or rinal orbit) j
g
22 on final orbit at arrival point ;
3 applies to . auly (see above) o
Note: When applied to orbiial elemeats (p, e, W, i, ) subscript 1 S
refers to tne initial orbii aad subscript 2 refers to the terminal L
orbit. Orbital elements of transfer orbit are denoted without |
subscripts. .
N ‘ .
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